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Energy conservation equation for a radiating pointlike charge in the context
of the Abraham-Lorentz versus the Abraham-Becker radiation-reaction force

U. Bellotti* and M. Bornatich
Department of Physics, University of Ferrara, Ferrara 44100, Italy
(Received 1 April 199y

With reference to a radiating pointlike charge, the energy conservation equation comprising the effect of the
Abraham-Lorentz radiation-reaction force is contrasted with the incorrect energy conservation equation ob-
tained by Hartemann and LuhmafiPhys. Rev. Lett74, 1107(1995] on considering instead the Abraham-
Becker force that accounts only for a part of the instantaneous radiation-reaction force.
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The issue of the back reaction of radiation on the radiatingf the velocity of the charge, in contrast to the AL force, Eq.
source has long been an outstanding problem of classicél). In Ref.[6] the AB force itself was incorrectly identified
electrodynamic§l-5|. Generally speaking, a radiative recoil as the instantaneous radiation-reaction force, which has led
force, attributable to the radiating source’s own electromagto an erroneous energy conservation equation for the radiat-
netic field, is expected on the basis of the conservation oing charge. More specifically, the authors of R} evalu-
momentum, by virtue of which the rate of electromagneticated the pressure of the radiation on a sphere, the center of
momentum loss should just equal the radiation-reactiorwhich coincides with the position of the radiating charge,
force. The latter can be obtained from the self-field of theand then let the radius of the sphere tend to zero. To assess
charge in either the Ligard-Wiechert or Heaviside-Feynman such a procedure, let us consider the equation for the conser-
form, on making a near-field approximation based on an exvation of the electromagnetic momentum, integrated over a
pansion of the relevant retarded guantities about the iterativeolume within a closed large surfadg
solution for retarded time. The expression of fhetanta-
neousradiation-reaction force thus obtained, referred to as 9 S(r,t)
the Abraham-LorentzAL ) force, can be expressed in three- — J dr —2’—"‘ § d> - T(r,t)
vector form ag5] Jt ¢ z
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+32 (“‘U)ZU)}’ (1) where S/c2=(1/47c)EXB is the electromagnetic momen-

tum density andr=(1/4x)[(|E|?+|B|?)1/2— (EE+BB)] is
whereu=u(t) is the velocity of the chargg at the observ- the Maxwell stress tensor, the part proportional to the unit
ers time t, the dots denote time derivatives, ang=(1  tensor | being identified as the electromagnetic pressure
—u?/c?) Y2 Thus, in particular, the AL force depends on [2,3]. In the specific case of a point charge, the part propor-
the second time derivative of the velocity of the charge.  tional to the dyadic of the fields gives no contribution to the
Recently, the issue of the radiation reaction on an accelreaction force, because the corresponding flux is zero for
erated charge has been reconsidd@ld and the radiation- both the far field, which is transverse with respect to the

reaction force in Abraham-BeckéAB) form, namely, direction of propagation, and the near field, whose contribu-
tion vanishes at large distances from the chd&eFor the
(hB)_ 20 .o V., problem at hand, the right-hand side of E8).is the(instan-

= 3¢5 Y jul*+ 2 (u-u)”Ju taneoug force due to the self-electromagnetic field acting on

. the source charge and current dengitgndj, respectively.
B 2q2 6( e |ux u|2) It is apparent from Eq(3) that the instantaneous momen-
R

c2 2 tum balance requires both terms on the left-hand side of Eqg.
(3) to be accounted for. To single out just the term connected
has been rederived, which depends on both the velocity andith the radiation pressure, as is done in R6f, amounts to
acceleration, but is independent of the second time derivativéisregarding the time-derivative term in E(), which is
correct, in general, only on the average with respect to time,
in which case Eq(3) reduces, for a point charge, to
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where 202

_
Q=3z v (u-u (8b)
FEE fT/Z dtf d3r(p(r HE(r 1)+ Ej(r )X B(r,t) is referred to as the Schott enerd], and
T )12 ' ' c ’
(4b) q2 ) ’)’2 )
is thetime-averagedadiation-reaction force. In Eq$4), T P(t)= 33 y*| Ul + 2 (u- U)2>
is an arbitrarily long time, and the corresponding time aver-
age is such that it yields zero for the time-derivative term in 29 .., |uxul?
Eq. (3), that is trivially the case of, e.g., periodic fields. On 337 |ul?— o2 (80

the basis of Egs(4) one cannot, as a rule, identify the in-
stantaneous radiation-reaction force as the integrand df theis the power effectively radiated, in accordance with the
integration, as is done in RdB], since such an identification Liénard formula2,3]. The time derivative of the Schott en-
is subject to the indeterminacy of the time derivative of aergy in Eq.(8a) is identified as the rate energy stored in the
quantity whose time average is zero. For the specific case ofear field of the chargp4,5]. For the particular case of hy-
a point charge, on proceeding either from E4p), as in Ref.  perbolic motion, for whichf®®Y) =0, Eq. (8a) requires that
[6], or somewhat more directly from E¢4b) by means of  P(t)=dQ/dt, i.e., that power is effectively radiated at the
the Fourier transformg7], one obtains expense of the energy stored in the near fjdid].
At this point, it is worth considering the energy conserva-
tion equation for the radiating charge. The rate of the energy

1 (T2 - .
F= = f,T,zdt fAB) (1), (5) lost to radiation is

wheref®®) is just the AB force, Eq(2), which thus emerges d @)= . fA
in connection with the time-averaged radiation-reaction dt (yme)=u- 70 (9a)
force.

On the other hand, on comparing the AB force, E), On using Eq(8a), one can write Eq(9a) in the form[4]
with the AL force, Eq.(1), one finds, as expected, that the
two differ by a time-derivative-type term, namely,

d dQ
&(ymcz)—(E—P(t)>=0. (9b)
dg
f(AL):aH(AB)* (6) Alternatively, on using Eq(6) and noting thatu-dg/dt=
—u-g+d(u-g)/dt, with u-g=Q and u-g=(1/y?)P(t), as
with follows from Eqgs.(7), (8b), and(8c), one can write Eq(9b)
in the form
29> (. ¥
== y|u+—= (u-ujuj. (7) d 202 a2y d
3c c d 207 [ oo [UXU) dQ
Thus the(true) instantaneous radiation-reaction force, i.e., (99)

the AL force, comprises two partsjg¢/dt), that accounts for

the rate at which momentum is stored in the self-field nearbyn contrast with Eq(9c), the Schott ternd Q/dt is missing in
the charge, and the AB force, which is connected with thehe energy conservation equations obtained in Réf,
momentum effectively radiate(b]. In particular, for a hy- which is a consequence of the incorrect identification of the
perbolic motion, for whichli+3(y/c)?(u-u)u=0, so that AB force with the instantaneous radiation-reaction force, in
fAL =0, fAB)= —(dg/dt), i.e., the AB force just balances contrast with Eq(6).

the loss of momentum stored in the near field. In conclusion, it has been shown that the Abraham-
On making use of Eq(1), the rate work done by the Becker force cannot be identified with the instantaneous
charge against the radiation-reaction force is radiation-reaction force. Such an incorrect identification was

made in Ref[6], which has led, in particular, to an incorrect
energy conservation equation. The true instantaneous
radiation-reaction force is the Abraham-Lorentz force, in
agreement with the Dirac-Lorentz equation for the motion of
a radiating charggl].

u-f<AL>=d—Q— P(t), (8a)

where
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